
Math 564: Real analysis and measure theory
Lecture 17

Convergence in measure.

Recall the example of -convergence but not pointwise :

We have IlfrOllEIIfulliD so
fu + 10 but (fu) doesn't

converge point- wise
.

wor no
O I

However
,
there we subspecies of ful but converge

to 0 a .
e.

,
e .g . Ifzu)

.

Turns out

this is a general phenomenon : every -convergent sequence admits a subsequence
congenyinga .

e . To prove this
,

we real an intermediate rohiou of convergence ,
called

convergence in measure.

Dof
. For a measure space (,pl ,

F
, g

: X-R: = (10) -measurable functions
,

and d>0,

put
Af(f

, g) = = (x + X : (f(x) - g(x)(z-b)
Ja(f, g) : = M(1x(f , g)) .

Note .

For M-measurable sets A
,
BEX

,
Aal *A ,

1p) = AAB auch &(A ,
B) : =u(AAB) =

= PlIA
,
Ap)

,
for all Pad = 1

.

The function If doesn't satisfy the A-inequality : let + = O
, g

= l
,
h= 2

,
then Elf , g) = 0 =

P2/g , h) but Elf
,
hi = M(X) ,

so i is not a pseudo-metric.



However
,

the family Gislago is "kind of precho-metric:
"

Prop) additive triangle inequality). For all d
, 938 and F

, g ,
h : X+

M-measurable,
Anf, h) = Aylf, g) V Aply ,

h),
Ta +p(f, h) = (f(f , g) + &(g ,

h)
.

Proof. For each XeX, ↓ (f(x)
- ((x)) = (f(x) - y(x)) + (g(x) - h(x))

x + An+p(f,h)= (f(x) - h(x)) = d + B => (f(x - y(x)) + (g(x) - h(x)) = 2+ s
=>( f(x) -y(x))-dor (g() - h(x)) =B
=> x (Ag(f, g) Vap (9,

h)
.

Def
.

For a measure space
(

, M) anal nameasurables functions (fe) and f
,

we say But

Ifal
converges in measure to f

,
denoted furt

,
if him talisti =0 forall 130.

n-

Examples . (a) let fu : = Asu
, util ,

then futo pointwise but not in measure and not in I

fo f2 f -

(b)
Es

let fu := n
= 1

(0 , 1)
Thes fatO pointwise but not in become Studyin .

However
,
fat

>
O become for each 2

,
Valfa ,

0 = t for all large
F2

enough n.

I fi
I I

p I Morals Convergence in measure doesn't detect how balls In differs from

the limit
,
but how large is the place where they differ.

(c) Also
,
fu +>O bene
((f ,
a = 2

- 4
- 0

,

We have IlfrOllEIIfulliD so
fu + 10 but (fu) doesn't ifh is in kM group

A invers point and he
wise

.

wor no



The following two facts are the only general implications between these three modes of

convergence :

Prop . For any measure space (X
,pl , futet => In tef.

Proof
.
Assure fatcf and fix &30. Then by Chebyscher :

& (f , A = M(\xeX : Ifnk-fall= d)) <1. Ilf-full -O as ne

Switch of quartifiers trick : Let IX
, M) be a finite measure space .

Let Pn = X be an increasing
sequence of monecurable sets. For every aso,

ExeXInEI xePr = JuEIN FxeX xEPn
,

where F& xeX means for all xeX12 fr some u(z) 2.

Proof
. By the left hand side

,
VPu = X

, solimM(Pu = M(X) hease for a largeNEIN

enough nEIN
, M/Pu) = M/X-2 .

Prop .
In a finite measure space

( , 1) ,
fu +face .

=> futef.

Proof . Discarding a will set
,

we

may assume fact everywhere .

So for each 200
,

we have

XxeX - NeI FuzN Ifnk-f(x)kd
.

For any 3x0 ,
we with the quantifiers and get :

7 NEIN F xeX FuIN If(x)-fx)kd
.

i
. e

.

7. NEW Fuc-N E xEX Ifu(x)-f(x)ld

so IN FuzN Jalfa ,
1)>3

,
which meanslin talf ,A = 0.

By a switch of quartifiers trick
,

one can also prove Egoror's teorn about almost
uniform

convergence
(HW),



Now let's study convergence
in measure.

Prop (almost uniquenes of limit). In any measure space (, M)
, fuzet and fo thg .

the

f =ga . e .

Proof .
For much &30

,
we have Self, g) = If, ful + Jax(g) -> O as we a

s Jalf , g) =0 for all 230
.
Heave =ga .

e
.

since

(xeX : (f(x) - g(x)1>03 = NVEyalf , g) and the latter is wall.

Def . Call a sequence Ifl Candy in measure if for each 230.

Elfn ,
ful -> O as mink

,
mi -> &.

Prop ,
(a) If for te f ten Ifa) is Canely in measure.

16) If (f) is Canely and admits a subsequence fun -ht as Red
,
the

teyet as ne &

Proof
.

HW.

Theorem /Completeness of convergence in measure)
. Every sequence (f) which is lady in measure

converges in measure
,

i
. e. I menearable - st . Futef .

Moreover
, trutfae

for some subsequence (fur).

Proof
. Note that by part (6) above

,
we was restrict to

any subsequence /acceleration.

Claim
. WLOG , Jenn /fa ,

Fail <I for all w
, by restricting to a subsequence.

PfofCkim
.
We define (np) recursively : let n = 0

,
choose Nat May such that

En (fur ,
ful 2 for all n2 Up

.

Such an Use exists by the lauchy condition with 2 := 22. Klaim)

We nor show that for a . e .

xeX
,
(fulx) is Canchy

.



Claim 2. If xBN :=Y Agen He ,
futil then for all men I

If~(x) - fm()) 1 2
m-

-> 0 asn - &
S

so (fu(x) is Cauchy
.

PF of (kin
. Ifald-fu())il-fix(22 = 2

-(-1)
.

Klaim)

But M/BN)= M1zn ( ,
fut= n (f

,
fexi)=2 =2 white

is summable
,

so hy Boul-lactelli
,

a . e .

xEX is eventually not in BN,
:

. e. IN such that x & UBu = Bi (the last equality is due to (Brl being decreasing) .

Thus by Claim 2
,
An)) is ""Cauchy and let fixe demode the limit.

The function f : X + R I defined med is -measurable being a a.e
. pointwise

limit ofu-measurable funcious In
.
It remains to show that In -ef .

To this
- IN -2)

end fix &20 and choose NEIN so that 2 d
.

Then Alf ,
A = Age (fu ,

A),
and by Claim 2

,
if x BN When Ifik-f(x)) = Lim Ifik)-fm(x))> 2-IN-R > 2- IN- 1)

,
so

m-q

x A2-IN-2) (fw ,
f)

.

In other words Az-IN-2) (fN ,
f) - BN

,
so

↑ /fi ,
f) = 2-IN2) (fN ,

f) = MIBN) = 2-(N -1
-> 0

as Ned
,

kns for -ef as N+ &


